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Abstract
We discuss the relativistic top theory from the point of view of the de Sitter (or
anti de Sitter) group. Our treatment rests on Hanson-Regge’s spherical relativistic
top lagrangian formulation. We propose an alternative method for studying spinning
objects via Kaluza-Klein theory. In particular, we derive the relativistic top equations
of motion starting with the geodesic equation for a point particle in 4+N dimensions.
We compare our approach with the Fukuyama’s formulation of spinning objects,
which is also based on Kaluza-Klein theory. We also report a generalization of our
approach to a 4 +N +D dimensional theory.
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1.- INTRODUCTION
If one compares the Regge’s references 1 and 2 published in 1959 and 1960 re-
spectively with the Hanson-Regge’s reference of 1974 about the relativistic spherical
top theory3 (see also Ref. 4), one gets the feeling that Regge thought on the trajec-
tory constraint linking mass and the spin of a relativistic spinning object as a deep
physical concept of nature. Through the years it has become clear that Regge was
right. In fact, such a constraint, now called Regge trajectory, plays a fundamental
role not only in the dual string models5 and the relativistic rotator theory,6−7 but
also in string theory8 and in black holes approach.9 It seems that even Regge is in the
sky10 in connection with the mass and the internal angular momentum of celestial
objects.
One of the simplest Regge trajectory for a spherical relativistic top is provided by
the expression;3−4
H ≡ P µPµ + 1
2r2
ΣµνΣµν +m
2
0 ≈ 0, (1)
where P µ and Σµν = −Σνµ are the linear momentum and the internal angular momen-
tum respectively associated with some spinning object. Here, m0 and r are constants
determining the properties of the system and the symbol ”≈ 0” means weakly equal
zero in the sense of the terminology of Dirac’s constraints Hamiltonian formalism.11
(Here the indices µ, ν run from 0 to 3.)
One of the interesting aspects of (1) is that resembles one of the Casimir operator
of the de Sitter group
C1 =
1
2
SABSAB, (2)
where the indices A,B run from 0 to 4. In fact, if classically it is possible to make
the identifications
S4µ → rP µ, Sµν → Σµν and C1 → −r2m20, (3)
then the spherical relativistic top may lead naturally to a de Sitter relativistic top and
several properties of de Sitter group can be applied to such a system. The problem,
however, it is not so simple because the momenta P µ and Σµν are restricted to satisfy
the so called Tulczyjew constraint12
ΣµνPν ≈ 0 (4)
and it seems that there is not a counterpart in the de Sitter group formalism of this
constraint. One of the main goals of this work is to use a lagrangian analysis of the
relativistic top in order to shed some light on this and other related problems.
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As soon as we make the identification (3) the parameter r, measuring the ”size”
of the top, may acquire a particular interesting meaning, namely, it can be identified
with the Planck length lP = (ℏG/c
3)1/2 or with the radius of the universe R. In the
first case, the relativistic top may have contact not only with elementary particles
through the superstringtop theory,13−14 but also with gravity itself.15 In fact, it has
been shown15 that extending the Poincare´ group to the de Sitter group through a
Wigner contraction with lP as a parameter one can make sense of a gravitational
theory as a gauge theory. Similar conclusion is provided by the MacDowell-Mansouri
formalism.16
In the second case, one may find a connection between the relativistic top with
accelerated universe via the de Sitter spacetime. In some sense, one may say that
Regge is not only in the sky but in the cosmos as well.
The central idea of this work is to develop different aspects of the de Sitter top
theory using the spherical relativistic top theory as a guide. For this purpose in
sections 2 and 3 we show explicitly how the first order and second order formalisms of
a particular spherical top system are related. In section 4, we show how the Kaluza-
Klein formalism may lead to de Sitter top theory. In section 5, we make some final
remarks. Finally, in the appendix B, we report a generalization of our formalism to
4 +N +D dimensions.
2.- FROM THE FIRST ORDER TO THE SECOND ORDER LAGRANGIAN
Let us describe the motion of the top by four coordinates xµ(τ) and a tetrad
eµ(α)(τ ) where τ is an arbitrary parameter along the world line of the top. Here x
µ(τ )
is used to describe the position of the system, while eµ(α)(τ ) is attached to the top in
order to describe its rotations. We shall assume that the tetrad eµ(α)(τ ) satisfies the
orthonormal relations:
ηµνe
µ
(α)e
ν
(β) = η(αβ),
η(αβ)eµ(a)e
ν
(β) = η
µν ,
(5)
where ηµν = diag(−1, 1, 1, 1) is the Minkowski metric. We shall associate the canon-
ical linear momentum Pµ to the linear velocity u
µ = dx
µ
dτ
and the spin tensor Σµν =
−Σνµ to the angular velocity σµν = eµ(α)
deν
(α)
dτ
.
Consider the first order lagrangian corresponding to a special type of a relativistic
top:3−4
3
L = uµPµ +
1
2
σµνΣµν − λ
2
(
P µPµ +
1
2r2
ΣµνΣµν +m
2
0
)
+ ξµΣ
µνPν , (6)
where λ and ξµ are lagrange multipliers. Varying L with respect to Pµ gives
uµ = λP µ + V µ, (7)
where
V µ = Σµνξν , (8)
while varying L with respect to Σµν yields
σµν =
λ
r2
Σµν + P µξν − P νξµ. (9)
Similarly varying L with respect to ξµ leads to the constraint
ΣµνPν = 0, (10)
while varying L with respect to λ one obtains
P µPµ +
1
2r2
ΣµνΣµν +m
2
0 = 0. (11)
Since Σµν is antisymmetric, we observe from (6) that if ξµ is parallel to Pµ the last
term in (6) vanishes identically. Therefore, we may set
ξµPµ = 0. (12)
This condition must be added to the lagrangian (6) in the form η(ξµPµ), where η is
another lagrange multiplier. Varying the resultant extended lagrangian with respect
to η leads to (12). While arbitrary variations with respect to ξµ leads to the equation
ΣµνPν + ηP
µ = 0 which, after multiplying it by Pµ, gives η = 0 and therefore one
recovers the lagrangian (6).
Our goal is to derive the second order lagrangian associated with the lagrangian
(6). Our proof consists of some elementary algebra and for that reason in this section
we shall only mention the main results. Nevertheless, since in such an algebra there
are some key steps, in the appendix A we present the computation in more detail.
The main idea is to compute from (7)-(12) the combination uσσu−r2 det σ, where
uσσu ≡ uµσµνσναuα (13)
and
det σ =
1
4!
εµναβετλσρσµτσνλσασσβρ. (14)
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One finds the following result (for details see appendix A);
uσσu− r2 det σ = m
2
0
r2
[(
u2 +
r2σ2
2
)
λ2 +
1
r2
λ4m20
]
, (15)
where we used the notation a2 = aµaµ, for any dynamical variable a
µ. Using once
again the constraint (11) we find that (15) leads to the expression
λ4 +
λ2
m20
(
u2 +
1
2
r2σ2
)
− r
2
m40
(
uσσu− r2 det σ) = 0. (16)
This expression can be solved for λ in terms of the the Lorentz scalars u2, σ2, uσσu
and det σ. But before solving for λ, let us show that λ and the lagrangian L are
related by the expression.
L = −m20λ. (17)
First using the constraints (10) and (11) the lagrangian (6) becomes
L = uµPµ +
1
2
σµνΣµν .
From (7) and (9) we find the results
uµPµ = λP
2 (18)
and
1
2
σµνΣµν = λ
Σ2
2r2
. (19)
So, we get
L = uµPµ +
1
2
σµνΣµν = λ
(
P 2 +
1
2r2
Σ2
)
. (20)
By using (11) once again, we see that (20) leads to (17).
Thus, (16) and (17) leads to the lagrangian
L = −m0

−
(
u2 + 1
2
r2σ2
)±
√(
u2 + 1
2
r2σ2
)2
+ r2 (uσσu− r2 det σ)
2


1/2
. (21)
Observe that if σ vanishes only the minus sign in the symbol ±√ makes sense. In
this case (21) is reduced to
5
L = −m0
[−u2]1/2 (22)
which is the well known lagrangian for a relativistic point particle.
Since the lagrangian (21) is a function of the all Lorentz scalars that can be formed
from the velocities u and σ, namely u2, σ2, uσσu and det σ we observe that such a
lagrangian has manifest Lorentz invariance. In fact, the lagrangian (21) has a Poincare´
invariance under the infinitesimal transformations δxµ = aµ+ωµνx
νand δeµ(α) = ω
µ
νe
ν
(α),
for arbitrary ωµν = −ωνµ. By explicit computation one can show applying Noether’s
procedure to these transformations that P µ and Mµν = xµP ν − xνP µ + Σµν are
conserved generators obeying the Poincare´ group algebra (see Refs. 3 and 4 for
details).
3.- THE CONSTRAINTS FROMTHE SECOND ORDER LAGRANGIAN
The central idea in this section is to derive the set of constraints associated with
(21) which, of course, should correspond to (10) and (11). Instead of starting with the
lagrangian given in (21) we shall take advantage of the formula (16) and (17). From
this perspective one may assume that λ = λ (u, σ) and define a ”linear momentum”
pµ and an ”internal angular momentum” lµν as
pµ =
∂λ
∂uµ
(23)
and
lµν =
∂λ
∂σµν
, (24)
respectively. According to (17) we have the relations: Pµ = −m20pµ and Σµν =
−m20lµν . One of the reasons to define pµ and lµν is to avoid carrying all the time the
factor m20.
Taking the derivative of (16) with respect to uµ leads to
[
λ3 +
λ
2m20
(
u2 +
1
2
r2σ2
)]
pµ = − λ
2
2m20
uµ +
r2
2m40
uασαβσ
β
µ. (25)
Let us define
A =
[
λ3 +
λ
2m20
(
u2 +
1
2
r2σ2
)]
. (26)
We find
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A2p2 =
λ4u2
4m40
− λ
2r2
2m60
uσσu+
r4
4m80
uασαβσ
β
µσ
µ
τσ
τ
λu
λ. (27)
But the identity (A19) leads to
uασαβσ
β
µσ
µ
τσ
τ
λu
λ = uασαβ
(
−1
2
σβλσ
2 − 1
4
σ∗βλ (σ
∗σ)
)
uλ (28)
and therefore we have
A2p2 =
λ4
4m40
u2 − λ
2r2
2m60
uσσu− r
4
8m80
uσσuσ2 +
1
64
r4
m80
u2 (σ · σ∗)2 , (29)
where we used the fact that
σαβσ
∗β
λ = −1
4
ηαλ (σ · σ∗) . (30)
Similarly, applying to (16) the derivative with respect to σµν we obtain
[
λ3 + λ
2m20
(
u2 + 1
2
r2σ2
)]
lµν = −λ2r22m20 σµν
+ r
2
2m40
(uασαµuν − uασανuµ) + r48m40σ
∗
µν (σ · σ∗) ,
(31)
where we used (A18). This expression yields
A2l2 = λ
4r4
4m40
σ2 − λ2r4
m60
uσσu− λ2r6
8m60
(σ · σ∗)2
− r4
2m80
uσσuu2 − r6
16m80
u2 (σ · σ∗)2 − r8σ2
64m80
(σ · σ∗)2 ,
(32)
where we used the identities σ∗σ∗ = −σσ and (30).
Adding (29) and (32) leads to
A2
(
p2 + 1
2r2
l2
)
= λ
4
4m40
(
u2 + 1
2
r2σ2
)− λ2r2
m60
(uσσu− r2 det σ)
− r4
4m80
(
u2 + 1
2
r2σ2
)
(uσσu− r2 det σ) ,
(33)
where we used (A18).
Using (16) and (26) we discover that
p2 +
1
2r2
l2 = − 1
m20
. (34)
Since Pµ = −m20pµ and Σµν = −m20lµν we finally get from (34) the constraint
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P 2 +
1
2r2
Σ2 +m20 = 0. (35)
Let us now derive from (25) and (31) the constraint ΣµνPν = 0. We have
A2lµνpν =
λ4r2
2m20
σµνuν +
λ2r2u2
2m60
σµνuν − λ2r48m60 (σ · σ
∗)σ∗µνuν
−λ2r4
2m60
σµνσνασ
αβuβ − r
4(uσσu)
2m80
σµνuν +
r4uµ
2m80
uτσ
τνσνασ
αβuβ
+ r
6
2m80
(σ · σ∗)σ∗µντνσνασαβuβ.
(36)
The sixth term on the right hand side of (36) vanishes due to the identity uτσ
τνσνασ
αβuβ ≡
0. Using (A19) and (30) it is not difficult to show that (36) is reduced to
A2lµνpν =
λ4r2
2m20
σµνuν +
λ2r2
2m60
(u2 + r
2
2
σ2)σµνuν
− r4
2m80
(uσσu− r2 det σ)σµνuν .
(37)
Solving the factor (uσσu − r2 det σ) in (16) and substituting the result in (37) we
finally discover that lµνpν = 0. This leads to the constraint
ΣµνPν = 0, (38)
which is the Tulczyjew constraint.
Summarizing, we have shown that the lagrangian (21) leads to the constraints
(35) and (38) which were the starting point in the first order formalism of section 2.
4.- FROM A POINT PARTICLE IN HIGHER DIMENSIONS TO THE
DE SITTER RELATIVISTIC TOP
Let us start writing the higher dimensional metric γMN in terms of the vielbien
field EAM ,
γMN = E
A
ME
B
NηAB, (39)
where ηAB is a flat metric in 4 +N dimensions. Here we are considering the vielbien
field EAM as a the function of the coordinates x
M .
The lagrangian of a point particle moving in a background determined by the
metric γMN is
L = −M0(−γMN x˙M x˙N )1/2, (40)
where M0 is the analogue of the mass of the object and x˙
M ≡ dxM
dτ
. From this
lagrangian one gets the Euler-Lagrange equations of motion
DPM
Dτ
≡ P˙M + ΓMRSx˙RP S = 0, (41)
where
PM =
∂L
∂x˙M
(42)
and ΓMRS are the Christoffel symbol associated with γMN . We can write E
A
M in the
form
EAM =
(
Eaµ (x, y) E
a′
µ (x, y)
Eai (x, y) E
a′
i (x, y)
)
, (43)
where we used the notation xM = (xµ, yi) = (x, y).
Using the Kaluza-Klein mechanism it is well known that EAM can be written in
the form
EAM =
(
eaµ (x) ω
a′
µ (x)
0 ea
′
i (y)
)
. (44)
Here, for later convenience, we used the notation ωa
′
µ ≡ Ea′µ , eaµ ≡ Eaµ and ea′i ≡ Ea′i .
Using (44) we can brake the metric (39) in the form
γµν = gµν + ω
a′
µ ω
b′
ν ηa′b′ ,
γµi = ω
a′
µ e
b′
i ηa′b′,
γij = e
a′
i e
b′
j ηa′b′ = gij(y),
(45)
where gµν(x) = e
a
µ (x) e
b
ν (x) ηab.
The line element ds2 associated with γMN is
ds2 = γMNdx
MdxN = γµνdx
µdxν + 2γµidx
µdyi + γijdy
idyj. (46)
Substituting (45) within (46) one gets
ds2 =
(
gµν + ω
a′
µ ω
b′
ν ηa′b′
)
dxµdxν + 2
(
ωa
′
µ e
b′
i ηa′b′
)
dxµdyi +
(
ea
′
i e
b′
j ηa′b′
)
dyidyj. (47)
This expression can be rewritten in the following form
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ds2 = gµνdx
µdxν +
(
ωa
′
µ dx
µ + ea
′
i dy
i
)2
, (48)
which is the Fukuyama starting point in the study of spinning particles.17 If we choose
the base18−19
θµ = dxµ, (49a)
and
θa
′
= ωa
′
µ dx
µ + ea
′
i dy
i, (49b)
then we have that the line element (48) becomes
ds2 = gµνθ
µθν + ηa′bθ
a′θb
′
. (50)
Therefore, in the base (49) the metric takes the form
γˆMM =
(
gµν 0
0 ηa′b′
)
. (51)
The dual base is given by
Dµ = ∂µ − ωa′µ eia′∂i, (52a)
and
Da′ = e
i
a′∂i. (52b)
In fact, one can verify that
〈θµ, Dν〉 =
〈
dxµ, ∂ν − ωa′ν eia′∂i
〉
= δµν (53)
and
〈
θa
′
, Db′
〉
=
〈
ωa
′
µ dx
µ + ea
′
i dx
i, ujb′∂j
〉
= ea
′
i e
i
b′ = δ
a′
b′ . (54)
Similarly, one can check that
〈
θa
′
, Dν
〉
=
〈
ωa
′
µ dx
µ + ea
′
i dx
i, ∂ν − ωb′ν ejb′′∂j
〉
= ωa
′
ν − ea′j ejb′ωb′ν = ωa′ν − ηa′b′ωb′ν = 0.
(55)
Let us compute the commutator [Dµ, Dν ] . From (52a) we have
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[Dµ, Dν ] =
[
∂µ − ωa′µ eia′∂i, ∂ν − ωb
′
ν e
j
b′′∂j
]
= ∂µ
(
∂ν − ωb′ν ejb′′∂j
)− ωa′µ eia′∂i (∂ν − ωb′ν ejb′′∂j)
= −∂ν
(
∂µ − ωa′µ eia′∂i
)
+ ωb
′
ν e
j
b′′∂j
(
∂µ − ωa′µ eia′∂i
)
.
(56)
Considering that [∂µ, ∂ν ] = 0, [∂i, ∂j ] = 0 and [∂µ, ∂i] = 0 we find that the expres-
sion (56) reduces to
[Dµ, Dν ] =
(−∂µωb′ν + ∂νωb′µ ) ejb′∂j
+
(
ωa
′
µ e
i
a′ω
b′
ν − ωc′ν eic′ωb
′
µ
) (
∂ie
j
b′
)
∂j .
(57)
The second term in (57) can be rewritten as
(
ωa
′
µ e
i
a′ω
b′
ν − ωc
′
ν e
i
c′ω
b′
µ
) (
∂ie
j
b′
)
∂j = ω
a′
µ ω
b′
ν
(
eia′∂ie
j
b′ − elb′′∂leja′
)
. (58)
Let us write ea′ ≡ eia′∂i, thus we have
(
eia′∂ie
j
b′ − elb′′∂leja′
)
= [ea′ , eb′ ] . (59)
We assume that
[ea′ , eb′ ] = −Cd′a′b′ed′ , (60)
where Cd
′
a′b′ are the structure constants associated with some group G. Substituting
(60) into (57) we find the expression
[Dµ, Dν ] =
(
−∂µωb′ν + ∂νωb
′
µ
)
eb′ − ωa′µ ωb
′
ν C
d′
a′b′ed′ , (61)
which by means of the definition
Rb
′
µν = ∂µω
b′
ν − ∂νωb
′
µ + C
b′
c′d′ω
c′
µω
d′
ν (62)
becomes
[Dµ, Dν ] = −Rb′µνeb′ . (63)
Following similar procedure we find that
[Dµ, Da′] = 0 (64)
and
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[Da′ , Db′] = −Cd′a′b′ed′ . (65)
Thus, from (63)-(65) we see that the only nonvanishing structure constants related
to the commutator [DM , DN ] are C
b′
µν = −Rb′µν and Cd′a′b′ .
In general, in a non-base frame, the connection ΓMNP is given by
ΓMNP =
1
2
(DP γˆMN +DN γˆMP −DM γˆNP ) +
1
2
(CMNP + CMPN − CNPM) . (66)
Since Cµνα = 0 and γˆµν = gµν(x) we get
Γµνα =
1
2
(
Dαγˆµν +Dν γˆνα −Dµγˆνα
)
=
1
2
(∂αgµν + ∂νgνα − ∂µgνα) ≡ {µνα} . (67)
In the same way, since Cµνa′ = −Rµνa′ we obtain
Γµνa′ =
1
2
(Cµνa′ + Cµa′ν − Cνa′µ) = −1
2
Rµνa′ . (68)
We also get
Γµa′b′ = 0 (69)
and
Γa′b′c′ = −1
2
Ca′b′c′. (70)
With these results in hand for ΓMNP we shall proceed to see their consequences
in the equations of motion (41). Let us start splitting (41) in the following form
P˙ µ + Γµναx˙
νP α + Γµνa′ x˙
νP a
′
+ Γµa′ν x˙
a′P ν = 0 (71)
and
P˙ a
′
+ Γa
′
b′c′x˙
b′P c
′
= 0, (72)
where we used the fact that the only nonvanishing components of ΓMNP are Γµνα,
Γµνa′ and Γa′b′c′.
Using (67) and (68) we discover that (71) and (72) yields
D¯P µ
D¯τ
= Rµνa′ x˙
νP a
′
(73)
and
12
P˙ a
′
= 0 (74)
respectively, where D¯
D¯τ
means covariant derivative in terms of the Christoffel symbols
{µνα} . Here we used the fact that
PM =
M0γMN x˙
N
(−γPQx˙P x˙Q) 12
, (75)
which means that PM = λx˙M , with λ = M0
(−γPQx˙P x˙Q)− 12 .
We shall show now that (73) and (74) are equivalent to the relativistic top equa-
tions of motion (RTEM) in a gravitational field.20−25 For that purpose we shall make
the indices identification a′ → (a, b) where the pair (a, b) is antisymmetric. Thus, the
equations of motion (73) and (74) become
D¯P µ
D¯τ
=
1
2
Rµνabx˙
νSab (76)
and
S˙ab = 0, (77)
where we used the notation Sab ≡ P ab and introduced in (76) the quantity 1
2
in order
to avoid counting twice.
The last step is to write Sab = eaµe
b
νS
µν in order to write (76) and (77) in the form
D¯P µ
D¯τ
=
1
2
Rµναβ x˙
νSαβ (78)
and
D¯Sµν
D¯τ
= 0, (79)
which are the traditional forms given to the RTEM in a gravitational field.
It is interesting to clarify the meaning of the constant M0. From (75) it follows
the constraint
PMPN γˆMM = −M20 . (80)
which in virtue of the form of the metric γˆMM , given in (51), we see that (80) can be
written as
gµνP
µP ν + ηa′b′P
a′P b
′
= −M20 (81)
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or
gµνP
µP ν +
1
2r2
SµνSµν = −m20, (82)
where we used the relation Sab = eaµe
b
νS
µν and redefined P µ as rP µ and M0 as rm0
with r a constant of the motion. If we compare the expression (82) with (1) we
observe their great similarity. However, they are not exactly the same because the
constraint ΣµνPν ≈ 0 given in (4) it is not satisfied by P
µ and Sµν . Instead of the
constraint (4) we can define the vector
Sµ =
1
2
ǫµναβPνSαβ (83)
and, as a consequence of this formula, we have
SµPµ = 0. (84)
Nevertheless, the relation between Σµν and Sµν is subtle and requires a careful anal-
ysis. First of all, let us write the first order lagrangian
L = x˙MPM − λ
′
2
(PMPM +M
2
0 ), (85)
corresponding to (40). Using (82) we see that (40) can be written as
L = x˙µPµ +
1
2
x˙µνSµν − λ
2
(P µPµ +
1
2r2
SµνSµν +m
2
0), (86)
where x˙µν = eµae
ν
b x˙
ab and λ ≡ r2λ′. Comparing (86) with (6) one observes the close
similarity between both lagrangians. We can even try to go from (86) to (6) by using
the transformation
Sµν = Σµν + ξµP ν − ξνP µ. (87)
But this implies to redefine the velocities uµ and σµν in terms of the velocities x˙µ and
x˙µν . This is related to the fact that the motion of a relativistic top can be described,
in an equivalent way, by two position vectors, namely, the center of mass and the
center of charge. (An extensive discussion about the meaning of these two position
vectors of a relativistic top can be found in reference 26.) The center of mass can be
associated with Σµν via the constraint ΣµνPν ≈ 0, while the center of charge with S
µν .
Thus, the transformation (87) suggests to identify the variable ξµ with the difference
between the center of mass and the center of charge. In fact, multiplying (87) by Pµ
one gets
SµνPν = ξ
µP νPν , (88)
14
where we assumed ξµPµ = 0. Substituting this expression into (87) one discovers that
Σµν can be obtained from Sµν using the projector ηµα − 1
P 2
P µP α.
Summarizing, we have shown that using Kaluza-Klein theory it is possible to
obtain the relativistic top theory from a point particle in higher dimensions. This
is in fact a very interesting result because it means that although the top does not
follow geodesics in four dimensions, it does in higher dimensions.
5.- FINAL COMMENTS
In this article we have shown different aspects of a particular relativistic top,
namely the top satisfying (1) and (4). First, we showed the equivalence between the
first and second order lagrangians (6) and (21). Then, the form of the lagrangian
(6) motivated us to look for a higher dimensional description of the top, and as a
matter of fact we discovered that it is possible to obtain the relativistic top equations
of motion starting from a geodesic equation of motion of a point particle in higher
dimensions. This is an interesting result that deserves to be analyzed in terms of a
fiber bundle scenario.
First we notice that such a result is similar to the case of the Lorentz force associ-
ated with a charged particle which can be obtained from a geodesic in five dimensions.
More generally, our result is similar to the generalized Lorentz force associated with
a Yang-Mills gauge field which can be obtained by a geodesic in 4 + D-dimensions.
In this case, the traditional method is to consider a 4+D-dimensional principle fiber
bundle P, which locally looks like M4×B, where M4 is a four-dimensional base space
and B is a group manifold whose dimension is D. The key object to connect the
geodesic in 4 +D-dimensions with the generalized Lorentz force in four dimensions
is the one-form in the cotangent space T ∗(P ),
ω = g−1dg + g−1Ag, (89)
where A = AaµTadx
µ can eventually be identified with the Yang-Mills gauge field.
Here, Ta are the generators of some group G acting transitively on B and having the
properties
[Ta, Tb] = C
c
abTc. (90)
In principle, if we consider the fiber space M4×Q, where Q corresponds also to a
4-dimensional manifold, one may apply similar description to the case of a spinning
object (see Ref. 17). In this case the connection one-form reads as
ω = g−1dg + g−1Ωg, (91)
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where Ω is given by
Ω =
1
2
ωABµ SABdx
µ. (92)
Here, we shall assume that SAB are the generators of the de Sitter group SO(1, 4) (or
anti de Sitter group SO(2, 3)). If we compare (49b) with (91) we observe that both
expressions are very similar. In fact, since g is an element of SO(1, 4) we can write g
as a matrix in the form ΛAB and therefore the one-form (91) yields
ωAB = ωABi dy
i + ωABµ dx
µ, (93)
where ωABi = Λ
CA∂iΛ
B
C . This expression can be written as
ω5a = ω5ai dy
i + ω5aµ dx
µ (94)
and
ωab = ωabi dy
i + ωabµ dx
µ. (95)
The base (49a) and (49b) arises from (94) and (95) by defining ea
′
i ≡ ωabi , eaµ ≡ ω5aµ
and setting ω5ai equal to zero. This means that we can write (44) in the following
form
ωABM =
(
ω5aµ (x) ω
ab
µ (x)
0 ωabi (y)
)
. (96)
Therefore, the metric γMN in (39) becomes
γMN =
1
2
ωABM ωNAB (97)
and consequently the lagrangian (40) can be written as
L = −M0(−1
2
ωABM ωNABx˙
M x˙N)1/2, (98)
Thus, the corresponding line element is
ds2 =
1
2
ωABM ωNABdx
MdxN , (99)
which is in agreement with the Fukuyama’s suggestion.17 We shall call the system
described by the lagrangian (98) with ωABM given by (96) the de Sitter top.
There are several observations that one can make from our analysis but perhaps
one of the most important is the fact that the top theory leads naturally to consider
the de Sitter group SO(1, 4) (or anti de Sitter group SO(2, 3)) via the connection
16
ωABM . As it is well known, this group structure appears in several fronts of current
interest, including Maldacena’s conjecture in string theory, accelerated universe, and
the gravitational gauge approach of MacDowell-Mansouri. For this reason it turns
out to be of particular interest for further research to study the possible connection
between the de Sitter top and these lines of research.
On the other hand, since in the Kaluza-Klein 4 + N + D-dimensional space the
metric gives gravity, Yang-Mills, and scalar fields, a top moving in this space will
be acted on by these fields. It may be interesting to see how the Yang-Mills field,
which can be understood as the field which generates rotations in the isospace, affects
the motion of the top. In the Ph. D. thesis in reference 27 some computations in
this direction were reported. We consider convenient to attach a brief review of such
computations as an appendix (see appendix B). Part of our task, for further research,
is to analyze these computations from the point of view of the present work.
Finally, the Regge trajectory (1) which lead us to the de Sitter relativistic top
concept is a very particular relation between the mass and the spin of a particle. In
general, a singular lagrangian can lead to more general Regge trajectories of the form
(B5). In particular, by using group theoretical methods Atre and Mukunda7 have
develop a systematic procedure for other possible Regge trajectories. In those cases
one should expect generalizations or alternatives of the de Sitter relativistic top which
is based in the de Sitter group. From the group theoretical point of view, however,
such a generalizations or alternatives appears as an intriguing possibilities motivating
further research on the subject.
APPENDIX A
In this appendix we present the proof of formula (15). From (7) and (10) we get
u2 = λ2P 2 + V 2. (A1)
Similarly, from (9), (10) and (12) we find
σ2 =
λ2
r4
Σ2 + 2ξ2P 2. (A2)
Here we also used the notation b2 = bµνbµν , for any tensor b
µν .
We shall compute
σ4 ≡ σµνσνασαβσβµ. (A3)
Observe first that
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σµασα
ν =
λ2
r4
ΣµαΣα
ν − λ
r2
(V µP ν + V νP µ)− ξ2P µP ν − P 2ξµξν , (A4)
where we used (10) and (12). The expression (A4) leads to
σ4 =
λ4
r8
Σ4 + 4
λ2
r4
P 2V 2 + 2ξ2ξ2P 2P 2, (A5)
where once again we used (10) and (12) and antisymmetric properties, such as
Σµνξµξν ≡ 0.
We also need to compute
uσσu ≡ uµσµνσναuα. (A6)
From (7), (9), (10) and (12) we find
σµνuν =
λ
r2
ΣµνVν − λP 2ξµ. (A7)
Therefore, we have
uσσu = −λ2
(
− 1
r4
VµΣ
µνΣν
αVα +
2
r2
P 2V 2 + P 2P 2ξ2
)
(A8)
or
uσσu = −λ2
(
1
r4
ξαΣ
ανΣντΣ
τλΣλ
βξβ +
2
r2
P 2V 2 + P 2P 2ξ2
)
. (A9)
Now, let us define the dual of any antisymmetric tensor Aαβ as
A∗µν =
1
2
ǫµναβAαβ, (A10)
where ǫµναβ is the completely antisymmetric Levi-Cevita tensor.
It turns out that from the constraint (10) it follows
Σ∗µνΣµν = 0. (A11)
Using (A11) it is not difficult to show that
ΣµνΣναΣ
ατ = −1
2
Σµτ
(
Σ2
)
. (A12)
Thus, using (A12) one finds that (A9) becomes
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uσσu = −λ2
(
1
2r4
V 2Σ2 +
2
r2
P 2V 2 + P 2P 2ξ2
)
. (A13)
On the other hand from (A2) we obtain
σ2σ2 =
λ4
r8
Σ2Σ2 +
4λ2
r4
ξ2P 2Σ2 + 4ξ2ξ2P 2P 2. (A14)
Therefore, (A5) and (A14) imply
σ2σ2 − 2σ4 = 4λ
2
r4
ξ2P 2Σ2 − 8λ
2
r4
P 2V 2, (A15)
where we used the fact that from (A12) it follows that
2Σ4 − Σ2Σ2 = 0. (A16)
Now, define
det σ =
1
4!
εµναβετλσρσµλσνλσασσβρ. (A17)
It is not difficult to show that
det σ = − 1
16
(σ∗σ)2 . (A18)
From the identity
σµασαβσ
βν = −1
2
σµν
(
σ2
)− 1
4
σ∗µν (σ∗σ) , (A19)
we find
σ4 =
1
2
σ2σ2 +
1
4
(σ∗σ) (σ∗σ) . (A20)
Therefore, by combining (A18) and (A20) we obtain
det σ =
1
8
(
σ2σ2 − 2σ4) . (A21)
From (A15) we see that (A21) implies
det σ =
λ2
2r4
ξ2P 2Σ2 − λ
2
r4
P 2V 2. (A22)
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Now, from (A13) and (A22) we see that
uσσu− r2 det σ = λ2 [ −1
2r4
V 2Σ2 − 2
r2
P 2V 2 − ξ2r2P 2 − 1
2r2
ξ2P 2Σ2 + 1
r2
P 2V 2
]
= λ2
[
m20
r2
V 2 +m20ξ
2P 2
]
.
(A23)
Using (A1) and (A2) one finally sees that (A23) leads to (15).
APPENDIX B
In 4 + N ′dimensions, with N ′ = N +D, a top can be described by the variables
xM(τ ) and EMA (τ ), where x
M are 4 +N ′ coordinates, EMA (τ) are 4 +N
′ orthonormal
vectors, τ is an arbitrary parameter and the index A in parenthesis labels the name
of the vector . The vectors EMA satisfy the condition
γMN = E
A
ME
B
NηAB, (B1)
where ηAB = diag (−1, 1, ...., 1) is an scalar matrix and γMN is the curved metric
generalized to 4 +N ′ dimensions.
Define the linear velocity uM and the angular velocity σMN as follows:
uM ≡ dx
M
dτ
= x˙M , (B2)
σMN = ηABEMA
∆
dτ
ENB = −σNM . (B3)
Here, the symbol ∆
dτ
means covariant derivative with respect to τ , having the Christof-
fel symbols ΓMNP as the connection. One sees that σ
MN is again antisymmetric by
virtue of the condition (B1) .
Consider a top with linear velocity uM , angular velocity σMN , linear momentum
PM , and internal angular momentum SMN . We will assume that the dynamics of the
system is generated by the lagrangian
L = −uMPM − 1
2
σMNSMN + λH + λMH
M , (B4)
where
H ≡ PMPM − f
(
1
2
SMNSMN
)
(B5)
and
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HM ≡ SMNPN (B6)
corresponds to the Regge and Tulcyzjew constraints respectively, generalized to 4+N ′
dimensions. Here, λ and λM are lagrange multipliers.
Using the lagrangian (B4) and assuming the Equivalence Principle in 4 + N ′
dimensions leads to the RTEM equations of motion generalized to higher dimensions,
∆PM
dτ
= −1
2
RMNPQu
NSPQ (B7)
and
∆SMN
dτ
= PMuN − PNuM . (B8)
Here, ∆A
M
dτ
= dA
M
dτ
+ ΓMNPA
NuP ,where AM is any vector and RMNPQ is the Riemann
tensor.
Using the constraint HM = 0 one sees from (B8) that J2 = 1
2
SMNSMN is a
constant of the motion. Using this fact and the constraint H = 0 one can show that
PMPM = −M2 is also a constant of the motion.
We will follow the strategy of doing the computations in the horizontal lift base
defined by the commutators;18−19
[Dµ, Dν ] = −Fµν aDa,
[Dµ, Da] = 0, (B9)
[Da, Db] = fab
cDc.
Therefore the only nonvanishing commutation coefficients are
Cµν
c = −Fµν c (B10)
and
Cab
c = fab
c. (B11)
In the base (B9) the metric associated with M4 ×N ′ is
γˆMN =
(
gµν 0
0 gab
)
, (B12)
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with
Dagµν = 0,
Dcgab = fcab + fcba,
Dµgab = ∂µgab − AcµDcgab = gab|µ, (B13)
Dαgµν = gµν ,α .
The Christoffel symbols are given in a non-coordinate base by
ΓˆMNP =
1
2
(DP γˆMN +DN γˆMP −DN γˆNP )
+
1
2
(CMNP + CMPN − CNPM) , (B14)
and the Riemann tensor is given by
RˆMNPQ = DP Γˆ
M
NQ −DQΓˆMNQ + ΓˆMRP ΓˆRNQ − ΓˆMRQΓRNP − ΓˆMNRCRPQ. (B15)
The linear velocity uM , angular velocity σMN , linear momentum PM ,and internal
angular momentum SMN will be referred below with respect to the ”horizontal lift
base” defined in (B9). By using (B12)-(B15) one may reduce the equations of motion
(B7) to four dimensions;
DΠµ
dτ
= −1
2
4
Rµναβu
νSαβ +QaF
µ
ν u
ν +
1
4
Fαβ
a;µMαβ a + Z
µ. (B16)
Here the following definitions were used:
Πµ ≡ P µ − 1
2
gabF
µ
ν
aSνb, (B17)
Qa ≡ gabP b + 1
4
gabfce
bSce +
1
4
gabFαβ
bSαβ +
1
2
gab|αS
αb, (B18)
Mαβ a ≡ gabuaSαβ + gabuβSαb − gabuαSβb, (B19)
and
Zµ = [
(
1
2
uaP b − 1
4
Fαβ
auαSβb +
1
4
Fαβ
aSαβub − 1
4
gafgfe|αu
eSαb
)
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−1
4
gafgfe|αu
αSeb + (fec
a + fac e + f
a
e c) u
eScb
− fec buaSec)]gab |µ + 1
2
gab
|µ ;α S
αbua. (B20)
Here, the symbol gab
|µ;α means
gab
|µ;α= gab
|µ
|α +
{
µ
βα
}
gab
|β,
where gab
|µ is defined in (B13). While the symbol F µα
a;β means
F µaα ;β = F
µa
α ,β +
{
µ
σβ
}
F σα
a − {σβα}F µσ a.
In terms of the definitions (B17) and (B19) the equation of motion (B9) leads to
DSµν
dτ
= Πµuν − Πνuµ + 1
2
(F µαaMνα a −Mµα aF να a) +Hµν , (B21)
where
Hµν = Sµaubgab
|ν − Sνaubgab |µ.
Clearly, equations (B16) and (B21) are generalizations of the usual 4-dimensional
case. One can show that the quantity Qa given in (B18) is a constant of the motion.
It turns out that Qa can be interpreted as charges of the system. For details the
reader is referred to Ref. 27.
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